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Abstract
In this paper, we give decompositions of the moonshine module V ♮ with respect
to subVOAs associated to extremal Type II codes over Z2k for an integer k ≥ 2.
Those subVOAs are isomorphic to the tensor product of 24 copies of the charge
conjugation orbifold VOA. Using such decompositions, we obtain some elements of
type 4A (k odd) and 2B (k even) of the Monster simple group Aut(V ♮).
Introduction
The notation of a vertex operator algebra (VOA) is introduced in [Bo1, FLM]. One of the
most interesting examples of a VOA is the moonshine module V ♮ constructed in [FLM].
The automorphism group of V ♮ is the Monster, the largest sporadic finite simple group.
The moonshine module V ♮ has many subalgebras having good symmetry ([Mi, DLMN]).
The decompositions of V ♮ with respect to those subalgebras are computed in [DGH, KLY1,
KLY2]. In particular, V ♮ contains a subVOA isomorphic to the tensor product of 48 copies
of L(1/2, 0), called a Virasoro frame in [DGH], and the decomposition of V ♮ is computed.
Since L(1/2, 0) is isomorphic to W2 algebra at c = 1/2, we should study the first
member of the unitary series of Wn algebras. For details of Wn algebras, see [FKW] and
references given there. In particular, W4 algebra at c = 1 is realized as the fixed-point
subspace V +L of the lattice VOA VL corresponding to the rank one lattice L = Zα with
〈α, α〉 = 6 with respect to the −1 automorphism of the lattice. Its fusion rules have a nice
symmetry according to [Ab] and for each embedding of V +L into V
♮, we get a 4A element
of the Monster [Ma].
In this paper, we consider more general case L = Zα with 〈α, α〉 = 2k for an integer
k ≥ 2. Since the Leech lattice Λ contains many elements of squared length 2k and V ♮
contains V +Λ as a subVOA, V
♮ contains many copies of V +L . We consider a set of 24
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mutually orthogonal pairs of opposite vectors of Λ with squared length 2k. We call such
a set a 2k-frame of Λ. The existence of 2k-frame of Λ is shown in [Ch, GH]. By using
a 2k-frame, we show that V ♮ contains a subVOA isomorphic to the tensor product of 24
copies of V +L . Then we give the decomposition of V
♮ as a (V +L )
⊗24-module. By using the
fact that there exists the natural bijection between equivalence classes of 2k-frames and
extremal Type II codes of length 24 over Z2k, the decompositions of V
♮ are described in
terms of such codes. By the fusion rules of V +L , we obtain automorphisms of V
♮ with
respect to the decompositions. More precisely, we have 4A elements (k is odd) and 2B
elements (k is even) of the Monster simple group. Moreover, we give new expressions of
McKay-Thompson series for 4A elements and obtain formulas of modular functions.
Professor Ching Hung Lam studies the subject independently.
Throughout the paper, we will work over the field C of complex numbers unless oth-
erwise stated. We denote the set of integers by Z and the ring of the integers modulo k
by Zk.
Acknowledgements. The author wishes to thank Professor Atsushi Matsuo, my re-
search supervisor, for his advice and warm encouragement. He also thanks Professor
Masaaki Kitazume and Professor Ching Hung Lam for helpful advice.
1 Preliminaries
In this section, we recall or give some definitions and facts necessary in this paper.
1.1 Charge conjugation orbifold VOA V +L
and its irreducible modules
In this section, we give the charge conjugation orbifold VOA V +L and its irreducible
modules. The description of V +L in this paper is slightly different from those given in
[DN, Ab] because it is useful to show the main theorem.
Let L = Zα be an even lattice of rank one with 〈α, α〉 = 2k. Set H = C ⊗Z L
and we regard L as a subgroup of H . We extend the form 〈·, ·〉 to a C-bilinear form
on H . Let L◦ = {h ∈ H | 〈h, α〉 ∈ Z} = L/2k be the dual lattice of L. Let Lˆ◦
be the trivial extension of L◦ by the order 2 cyclic group 〈−1〉. Form the induced Lˆ◦-
module C{L◦} = C[Lˆ◦] ⊗C[±1] C, where C[·] denotes the group algebra and −1 acts on
C as multiplication by −1. We choose a section L◦ → Lˆ◦, β 7→ eβ such that eβeγ =
(−1)〈β,γ〉eβ+γ for β, γ ∈ L. Set VL◦ = S(H ⊗ t
−1C[t−1]) ⊗ C{L◦}. For λ + L ∈ L◦/L, we
set Vλ+L = S(H ⊗ t
−1C[t−1])⊗ C{λ+ L}, where λ+ L is regarded as a subset of L◦ and
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C{λ+L} is the subspace ofC{L◦} spanned by {eµ | µ ∈ λ+L}. It is well known that VL has
a VOA structure and Vλ+L has a VL-module structure for each λ+L ∈ L
◦/L (cf. [FLM]).
Note that all the irreducible VL-modules are given by the set {Vλ+L | λ+ L ∈ L
◦/L} (cf.
[D1]). For convenience, we denote h⊗ tn by h(n) for h ∈ H and n ∈ Z.
Let ρL: L → C
× be a group homomorphism such that ρL(2µ) = (−1)
〈µ,µ〉/2 for
µ ∈ L. Let θL be the automorphism of Lˆ given by θL(e
µ) = ρL(2µ)(e
µ)−1 for µ ∈ L and
θL(−1) = −1. Let θVL be the unique commutative algebra automorphism of VL such that
θVL(h(n)⊗ 1) = −h(n)⊗ 1 and θVL(1⊗ e
µ) = 1⊗ θL(e
µ) for h ∈ H and µ ∈ L.
Let λ be a representative of a coset in L◦/L. We will extend θVL on VL◦ as a VL-
module isomorphism. Let θVL : Vλ+L → V−λ+L be the VL-module isomorphism such that
θVL(e
λ) = e−λ. When λ ∈ L/2, the linear map Vλ+L → V−λ+L, x 7→ ρL(−2λ)x is an
isomorphism of VL-modules. Then we have the automorphism θVL of Vλ+L as a VL-module
such that θVL(e
λ) = ρL(2λ)e
−λ. For each θVL-stable subspace M of VL◦ , let M
± denote
the ±1 eigenspaces of M with respect to θVL respectively. Note that V
+
L is a subVOA of
VL.
Let KL = {θL(a)a
−1 | a ∈ Lˆ} be the subgroup of Lˆ. Let T0 and T1 be irreducible
Lˆ/KL-modules over C such that e
α acts by ρL(α) and e
α acts by −ρL(α) respectively.
Note that −1 ∈ Lˆ acts by −1 on Ti. Set V
Ti
L = S(H ⊗ t
−1/2C[t−1]) ⊗ Ti. Then it
has an irreducible θVL-twisted VL module structure. Moreover, V
T0
L and V
T1
L give all the
inequivalent irreducible θVL-twisted VL-modules (cf. [D2]).
Let θH be the unique commutative algebra automorphism of S(H ⊗ t
−1/2C[t−1]) such
that θH(h(n)) = −h(n) for h ∈ H and n ∈ 1/2+Z. We consider the linear automorphism
of V TiL given by θH ⊗ 1Ti , where 1Ti is the identity operator of Ti. By abuse of notation,
we denote both automorphisms of V T0L and V
T1
L by θV TL . Since e
α = θVL(e
α) on Ti, θV TL is
an automorphism as a VL-module. We denote the ±1 eigenspaces of V
Ti
L with respect to
θV TL by V
Ti,±
L respectively. Then V
Ti,±
L becomes an irreducible V
+
L -module.
Note that V +L and its irreducible modules defined above are isomorphic to those given
in [DN]. By Theorem 5.13 of [DN], the set
{V ±L , V
±
α/2+L, V
Ti,±
L , Vrα/2k+L | i = 0, 1, r = 1, . . . , k − 1}
gives all inequivalent irreducible V +L -modules.
1.2 Moonshine module
Let us review the moonshine module V ♮ from [FLM] for what we need in this paper.
Let Λ be the Leech lattice with the positive-definite Z-bilinear form 〈· , · 〉. It is a
unique positive-definite even unimodular lattice of rank 24 without roots.
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Let Λˆ be the central extension of Λ by the cyclic group 〈−1〉 ∼= Z2:
1→ 〈−1〉 → Λˆ →¯ Λ→ 0 (1.1)
with the commutator map c0(β, γ) = 〈β, γ〉+ 2Z for β, γ ∈ Λ.
Let θΛ be the automorphism of Λˆ given by θΛ(a) = a
−1(−1)〈a¯,a¯〉/2 for a ∈ Λˆ. We
denote the center of Λˆ by Cent Λˆ. Set KΛ = {θΛ(a)a
−1 | a ∈ Λˆ} ⊂ Cent Λˆ. Then KΛ
is a normal subgroup of Λˆ; consider the group Λˆ/KΛ. Note that the center of Λˆ/KΛ is
〈−KΛ〉 ∼= Z2. By Theorem 5.5.1 of [FLM], we have the following proposition.
Proposition 1.1. ([FLM]) Set G = Λˆ/KΛ and let χ be a character of Cent G = 〈−KΛ〉
such that χ(−KΛ) = −1. Let A be a maximal abelian subgroup of G and let ψ: A →
C× be a character with ψ|Cent G = χ. Then T = Ind
G
ACψ is the unique irreducible G-
module on which x ∈ Cent G acts by χ(x)1T , where Cψ is the one-dimensional A-module
corresponding to ψ. Moreover, T ∼= ⊕Cϕ, where ϕ ranges over the characters of A whose
restriction to Cent G is χ, and dim T = 212.
Set the induced Λˆ-module C{Λ} = C[Λˆ]⊗C[±1]C, where −1 acts on C as multiplication
by −1. We extend θΛ to C[Λˆ] linearly. Since θΛ fixes −1, we view the automorphism θΛ
as an automorphism of C{Λ}.
Set h = C ⊗Z Λ. We regard Λ as a subgroup of h. We extend 〈·, ·〉 to a C-bilinear
form on h. Let T be the irreducible Λˆ/KΛ-module given in Proposition 1.1. Set VΛ =
S(h ⊗ t−1C[t−1]) ⊗ C{Λ} and V TΛ = S(h ⊗ t
−1/2C[t−1]) ⊗ T . For convenience, we also
denote h⊗ tn by h(n) for h ∈ h and n ∈ Z/2. Let θVΛ be the unique commutative algebra
automorphism of VΛ such that θVΛ(h(n)⊗1) = −h(n)⊗1 and θVΛ(1⊗b) = 1⊗θΛ(b), where
h ∈ h, n ∈ Z<0 and b ∈ C{Λˆ}. Let θh be the unique commutative algebra automorphism
of S(h ⊗ t−1/2C[t−1]) such that θh(h(n)) = −h(n) for h ∈ h, n ∈ 1/2 + Z<0. Then
θV TΛ = θh ⊗ (−1T ) is an automorphism of V
T
Λ , where 1T is the identity operator on T .
Thus we have V ♮ = V +Λ ⊕ V
T,+
Λ , where V
+
Λ is the θVΛ-fixed-point subspace of VΛ and V
T,+
Λ
is the θV TΛ -fixed-point subspace of V
T
Λ .
1.3 2k-frames and codes over Z2k
In this subsection, we give some terminology on a code over Z2k (cf. [DHS]).
A (linear) code C of length n over Z2k is a Z2k-submodule of Z
n
2k. We denote the image
of x ∈ Z with respect to the canonical map Z→ Z2k by x¯. We fix an ordered basis of Z
n
2k
and denote i-th element of this basis by (0¯, . . . , 0¯, 1¯, 0¯, . . . , 0¯), where 1¯ only appears in the
i-th position.
4
An element of C is called a codeword. The Euclidean weight Ewt(·) on Zn2k is given by
Ewt(c) =
∑24
i=1m
2
i , where c = (m¯1, . . . , m¯n) ∈ Z
n
2k and −k < mi ≤ k for i = 1, . . . , n. We
define the inner product of x and y in Zn2k by 〈x, y〉 =
∑n
i=1 x¯iy¯i, where x = (x¯1, . . . , x¯n)
and y = (y¯1, . . . , y¯n). The dual code C
⊥ of C is defined as C⊥ = {x ∈ Zn2k | 〈x, y〉 =
0 for all y ∈ C}. C is self-orthogonal if C ⊂ C⊥ and C is self-dual if C = C⊥. We define a
Type II code over Z2k to be a self-dual code with all codewords having Euclidean weight
divisible by 4k.
It is well known that S˜n = Z2 ≀ Sn = Aut(Z
n
2k), where Sn is the symmetric group. S˜n
acts on Zn2k by the permutation of the coordinate positions and the change of the signs of
some positions of Zn2k. Two codes C0 and C1 over Z2k are called equivalent if they both
have length n and if there exists σ ∈ S˜n such that C0 = σ(C1).
Definition 1.2. A 2k-frame of a lattice of rank n is a set of n mutually orthogonal pairs
of opposite vectors of squared length 2k.
We denote the group of isometries of a lattice Λ by Aut(Λ). Since Aut(Λ) preserves
the inner product, Aut(Λ) acts on the set of 2k-frames of Λ. We say that 2k-frames S0,
S1 of Λ are equivalent if there exists τ ∈ Aut(Λ) such that S0 = τ(S1).
We define an extremal Type II code of length 24 over Z2k to be a Type II code with
minimum Euclidean weight 8k.
Proposition 1.3. [Ch, GH] For any positive integer k, there exists an extremal Type II
code of length 24 over Z2k.
Using the fact that the Leech lattice Λ is the unique positive definite unimodular
lattice in dimension 24 without roots, it is easy to see that for k ≥ 2, equivalence classes
of 2k-frames of Λ are the same as equivalence classes of extremal Type II codes of length
24 over Z2k. More precisely, for a 2k-frame S of Λ, we have an extremal Type II code
C = Λ/N ⊂ N◦/N ∼= Z242k, where N is the sublattice of Λ generated by S and N
◦ is the
dual lattice of N , and for an extremal Type II code C of length 24 over Z2k, the lattice
constructed by the generalized Construction A with C is the Leech lattice and contains a
2k-frame.
By direct calculation, we have the following proposition.
Proposition 1.4. Let S be a 2k-frame of the Leech lattice Λ and let N be the sublattice
of Λ generated by S. Let C = Λ/N be a code over Z2k and let C2 = (Λ ∩ (N/2))/N be a
binary code. Set m = dimC2 over Z2.
(1) |Λ/N | = (2k)12.
5
(2) m ≥ 12.
(3) N/(2Λ ∩N) is an elementary abelian 2-group with order 224−m.
(4) If k is odd, then C2 is a Type II code.
Remark 1.5. Let S be a 2k-frame of Λ and C be an extremal Type II code corresponding
to S. Let N be the sublattice of Λ generated by S. Then it is easy to see that C2 =
(Λ∩ (N/2))/N ∼= {(c1, . . . , c24) ∈ C | ci = 0 (mod k) for all i}, where we regard the both
codes as binary codes.
2 Decompositions of V ♮ and Z2k codes
In this section, for an integer k ≥ 2, we give the decomposition of V ♮ as a (V +L )
⊗24-module
associated with an extremal Type II code over Z2k. It is easy to see the embedding of VL
into VΛ. But the 24 tensor product of the involution of VL given in [DN] is not the same
involution θVΛ of VΛ. By using the definition of VL given in Section 1.1, we will clarify the
problem.
For convenience, we use the following notation. For c = (c¯1, . . . , c¯24) ∈ Z
24
2k, we set
M(c) =
24⊗
i=1
Vciα/2k+L.
Note that M(c) ∼= M(σ(c)) as a (V +L )
⊗24-module for c ∈ Z242k, where σ is an operator
which changes signs of some positions.
In particular, for c = (c¯1, . . . , c¯24) ∈ Z
24
2 , we set
M(c)+ =
⊕
ei∈{±}∏
ei=+
24⊗
i=1
V eiciα/2+L,
MT (c)− =
⊕
ei∈{±}∏
ei=−
24⊗
i=1
V
Tci ,ei,
L ,
where {±} ∼= 〈−〉 ∼= Z2.
Remark 2.1. Let c = (c1, . . . , c24) be an element of Z
24
2 .
(1) M(c)+ is the fixed-point subspace of ⊗Vciα/2+L with respect to θ
⊗24
VL
.
(2) MT (c)− is the −1 eigenspace of ⊗V
Tci
L with respect to θ
⊗24
V TL
.
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2.1 Main results
The following is our main theorem.
Theorem 2.2. For k ≥ 2, let C be an extremal Type II code of length 24 over Z2k and set
C2 = {(c1, . . . , c24) ∈ C | ci = 0 (mod k) for all i}, which is binary code. Set m = dimC2
over Z2. Then there exists an embedding of (V
+
L )
⊗24 into V +Λ as a subVOA such that
V ♮ = V +Λ ⊕ V
T,+
Λ decomposes into (V
+
L )
⊗24-modules as the following:
(1)
V +Λ
∼=
⊕
c∈C2
M(c)+ ⊕
1
2
⊕
c∈C\C2
M(c).
(2)
V T,+Λ
∼=
⊕
c∈C⊥2
2m−12MT (c)−.
Remark 2.3. This decomposition is uniquely determined by the extremal Type II code
of length 24 over Z2k, up to the action of S˜n = Z2 ≀ Sn.
The rest of this section is devoted to the proof of the theorem.
2.2 Key lemma
In this subsection, we will give the key lemma for Theorem 2.2. It is an extension of
Theorem D.6 of [DGH]. More precisely, we consider the case of a dual lattice. We will
use the lemma to identify θ⊗24VL with θVΛ on VΛ.
Let U be an even integral lattice and let VU be the lattice VOA associated to U . By
[D1], VU◦ is a VU -module. We choose a section U
◦ → Uˆ◦, x 7→ ex such that the 2-cocycle
with respect to it is Z-bilinear.
Definition 2.4. A lift of −1 of U◦ is an automorphism θ of VU◦ as a VU -module such
that for all x ∈ U◦, there is a scalar cx so that θ : e
x 7→ cxe
−x.
Set AU = Hom(U,C
×) and set AU◦ = {f : U
◦ → C× | f(x + y) = f(x)f(y) for x ∈
U, y ∈ U◦, f|U ∈ AU}. For f ∈ AU◦ , we set the automorphism f˜ of VU◦ as a VU -module
by f˜ : y ⊗ ex 7→ f(x)y ⊗ ex, and we set A˜U◦ = {f˜ | f ∈ AU◦}.
By Theorem D.6 of [DGH], we have the following proposition.
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Proposition 2.5. For lifts f and g of −1 of U◦, there exists an element s ∈ A˜U◦ such
that s−1fs|VU = g|VU .
Moreover, we consider the case of VU◦.
Lemma 2.6. Let f, g be lifts of −1 of U◦ such that f = g on VU . Let S be a set of
representatives of (U◦∩U/2)/U . Then f and g are conjugate by an element of A˜U◦ whose
restriction on VU is the identity map if and only if f(e
x) = g(ex) for x ∈ S.
Proof. In order to simplify the proof, we assume g(ex) = e−x for x ∈ U◦. Let S˜ be a
set of representatives of U◦/U containing S.
First, we assume f(ex) = g(ex) for x ∈ S˜. By a conjugation of A˜U◦ , we assume
f(ex) = e−x for x ∈ S˜. Namely, if f(ex) = cxe
−x for x ∈ S, we set s ∈ AU◦ such
that s(x) = c
−1/2
x for x ∈ S˜ \ S and s(y) = 1 for y ∈ U ∪ S. It is easy to see that
s˜−1f s˜(ex) = e−x for x ∈ S˜. Note that VU◦ = ⊕λ∈S˜Vλ+U , and for λ ∈ S˜, Vλ+U is generated
by eλ as a VU -module. Since f is VU -module automorphism and 2-cocycle is a Z-bilinear
map, we have f(ex) = e−x for x ∈ U◦ by the direct calculation.
Next, we assume s˜−1f s˜ = g for s˜ ∈ A˜U◦ such that s˜|VU is the identity map. For x ∈ S,
we set f(ex) = cxe
−x, where cx ∈ C
×. Then we have s˜−1f s˜(ex) = s(x)cxs˜
−1(e−2x+x) =
s(−2x)−1cxe
−x = s(−2x)g(ex) for x ∈ S. Since −2x ∈ U and s = 1 on U , we have
f(ex) = g(ex) for x ∈ S˜.
2.3 Decomposition of the untwisted space V +Λ
In this subsection, we give the decomposition of V +Λ .
Let F = (x1, . . . , x24) be the 2k-frame of Λ corresponding to the code C and let N
be the sublattice of Λ generated by F . Since L = Zα is an even lattice of rank one with
〈α, α〉 = 2k, we have N ∼= L⊕24. From [D1], it follows that VΛ is decomposed as
VΛ =
⊕
λ+N∈Λ/N
Vλ+N (2.1)
as a VN -module.
It is well known that
Vλ+N ∼=
24⊗
i=1
Vciα/2k+L = M(c) (2.2)
as a (V +L )
⊗24-module, where λ+N =
∑24
i=1 cixi/2k+N and c = (c¯1, . . . , c¯24) is a codeword
of C = Λ/N .
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Now, we have two involutions of VΛ as a VN -module. One is f = θVΛ given in Section
1.2 and the other one is g = θ⊗24VL . Note that θVL is the automorphism of VL◦ as a VL-
module given in Section 1.1. We will apply Proposition 2.5 and Lemma 2.6 to VΛ ⊂ VN◦ ,
and identify f and g. Since we consider VΛ in this section, we use the notation A˜Λ instead
of A˜N◦ . By [FLM], we can choose a Z-bilinear 2-cocycle ε : Λ × Λ → Z2 such that
ε(x, x) = 〈x, x〉/2.
By Proposition 2.5 there exists s˜ ∈ A˜Λ such that s˜
−1f s˜ = g on VN . Therefore we
identify g with f on VN , and we have the inclusion of subVOAs (V
+
L )
⊗24 ⊂ V +Λ ⊂ V
♮.
Remark 2.7. Let V +L,R and V
♮
R
be the real forms of V +L and V
♮ as constructed in [FLM].
By [FLM], those have the positive-definite symmetric bilinear forms. By the above in-
clusion, we have the embedding V +L,R ⊂ V
♮
R
. In this embedding, the positive-definite
symmetric bilinear form of the subVOA is the restriction of that of V ♮
R
.
Next, in order to apply to lemma 2.6, we have to check the hypothesis of the lemma.
Let s be the element of AΛ corresponding to s˜. For x ∈ Λ ∩ N/2, we have s˜
−1f s˜(ex) =
s(−2x)e−x and g(ex) = ρN(2x)e
−x, where ρN = ⊕ρZxi . Since ρN and s are linear on N ,
we can choose ρN and the set S of representatives of (Λ ∩ N/2)/N such that s˜
−1f s˜ = g
on S˜. Therefore we can use lemma 2.6, and we have f and g are conjugate by A˜Λ. So,
we identify f with g on VΛ.
We consider the θ⊗24VL -fixed-point subspace of VΛ. We obtain the following lemma (cf.
[KLY1]).
Lemma 2.8. Let c be a codeword of C = Λ/N .
(1) If c ∈ C2 = (Λ∩N/2)/N , then M(c) is θ
⊗24
VL
-invariant, and M(c)+ is the θ⊗24VL -fixed-
point subspace.
(2) If c ∈ C\C2, then M(c)⊕M(−c) is θ
⊗24
VL
-invariant, and the θ⊗24VL -fixed-point subspace
(M(c)⊕M(−c))+ is isomorphic to M(c) as a (V +L )
⊗24-module.
By Lemma 2.8, (2.1) and (2.2), we obtain Theorem 2.2 (i).
2.4 Decomposition of the twisted space V T,+Λ
In this subsection, we give the decomposition of V T,+Λ .
Set K(N) = KΛ ∩ Nˆ and K(2N) = KΛ ∩ ˆ2N . Since T is a Λˆ/KΛ-module, T is
a NˆKΛ/KΛ-module. Note that −1 ∈ Λˆ acts on T as multiplication by −1. Let M
be a maximal abelian subgroup of Λˆ/KΛ such that M ⊃ NˆKΛ/KΛ. Note that |M | =
9
213. By Proposition 1.1, T decomposes into the direct sum of all the irreducible M-
modules on which −KΛ acts by −1. Therefore T decomposes into the direct sum of
irreducible NˆKΛ/KΛ-modules on which −KΛ acts by −1. By Proposition 1.4 (3), we
have |NˆKΛ/KΛ| = 2|N/(N ∩ 2Λ)| = 2
25−m. Then any multiplicities of the irreducible
NˆKΛ/KΛ-module is 2
m−12. Since NˆKΛ/KΛ ∼= Nˆ/K(N), T is a Nˆ/K(N)-module. Thus
we obtain
T ∼=
⊕
ψ∈Irr(Nˆ/K(N))
ψ(−K(N))=−1
2m−12Tψ, (2.3)
where Irr(Nˆ/K(N)) is the set of the characters for Nˆ/K(N) and Tψ is the one-dimensional
module C with a character ψ.
By using the canonical map π: Nˆ/K(2N) → Nˆ/K(N), we view T as a Nˆ/K(2N)-
module. Note that the kernel of π is K(N)/K(2N). Therefore, as a Nˆ/K(2N)-module,
T is decomposed
T ∼=
⊕
χ∈Irr(Nˆ/K(2N))
χ(−K(2N))=−1
mχTχ, (2.4)
where mχ is the multiplicity. By (2.3), we have mχ ∈ {0, 2
m−12}. By (2.4), V TΛ has a
decomposition,
V TΛ
∼=
⊕
χ∈Irr(Nˆ/K(2N))
χ(−K(2N))=−1
mχV
Tχ
N , (2.5)
where V
Tχ
N is the θVΛ-twisted VN -module corresponding to the Nˆ/K(2N)-module Tχ.
As in Section 2.3, we fix the ordered basis of N as (x1, . . . , x24). Let Li = Zxi be a
sublattice of N and set K(Li) = KΛ ∩ Lˆi. For χ ∈ Irr(Nˆ/K(2N)), we set the character
of Lˆi/K(Li) χi(e
xi) = χ(exi). For a character χ = ⊗24i=1χi such that χ(−K(2N)) = −1,
we set P (χ) = (c1, . . . , c24) ∈ Z
24
2 , where χi(s˜(e
xi)) = ρi(xi)(−1)
ci. For x =
∑
dixi ∈ N ,
we set Q(x) = (d¯1, . . . , d¯24) ∈ Z
24
2 .
Then we have
χ(s˜(ex)) = ρ(
∑
dixi)(−1)
∑
cidi = ρ(x)(−1)〈P (χ),Q(x)〉.
Now, let us determine the multiplicities {mχ}. Let χ be an element of Irr(Nˆ/K(2N))
such that χ(−K(2N)) = −1. Set n = 2m−12. Then mχ = n if and only if there exists χ˜ ∈
Irr(Nˆ/K(N)) such that χ = χ˜ ◦ π, namely, χ(x) = 1 for any x ∈ Kerπ = K(N)/K(2N).
Since θΛ(e
x)(ex)−1 = e−x(−1)ε(x,−x)e−x = e−2x = ρN (2x)s(−2x)e
−2x for x ∈ Λ ∩N/2, we
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haveK(N) = {θVΛ(a)a
−1 | a¯ ∈ Λ∩N/2} = {ρN (−β)s˜(e
β) | β ∈ 2Λ∩N}. Therefore χ(x) =
1 for any x ∈ K(N)/K(2N) if and only if 〈P (χ), Q(x)〉 = 0 for any x ∈ K(N)/K(2N)
Since K(N)/K(2N) ∼= (N ∩ 2Λ)/2N ∼= (Λ ∩ (N/2))/N = C2, mχ = n if and only if
P (χ) ∈ C⊥2 . By (2.5), we have an isomorphism
V TΛ
∼= 2m−12
⊕
χ∈Irr(Nˆ/K(2N))
χ(−K(2N))=−1
P (χ)∈C⊥
2
V
Tχ
N . (2.6)
Next, we fix a character χ and consider the space V
Tχ
N . If P (χ) = (c1, . . . , c24), then
Tχ = ⊗Tci . Thus, we get an isomorphism V
Tχ
N
∼= ⊗V
Tci
L . Note that we have θV TΛ = −(θ
⊗24
V TL
),
because θV TΛ acts by −1 on Tχ and θV TL acts by 1 on Tci. Therefore, for χ ∈ Irr(Nˆ/K(2N))
with χ(−K(2N)) = −1, we have an isomorphism of (V +L )
⊗24-modules
V
Tχ,+
N
∼= MT (P (χ))−. (2.7)
By (2.6) and (2.7), we get Theorem 2.2 (ii).
3 Character and automorphisms of the moonshine
module
In this section, we give the character of V ♮ and give some automorphisms of V ♮.
3.1 Character of the moonshine module
We recall the character of a VOA. Let V = ⊕∞n=0Vn be a VOA and the character of V is
given by ch(V ) =
∑∞
n=0 dim(Vn)q
n.
In order to give the character of V ♮, we consider the symmetrized weight enumerator
of a code over Z2k. The symmetrized weight enumerator of a code C over Z2k is defined
as:
sweC(p0, . . . , pk) =
∑
c∈C
p
n0(c)
0 p
n1(c)
1 . . . p
nk(c)
k ,
where ni(c) denotes the number of j such that cj = ±i. Note that the symmetrized weight
enumerators of equivalence codes are same. For 0 ≤ i ≤ k, we set
ai = chViα/2k+L =
1
φ(q)
∑
j∈Z
qk(j+i/2k)
2
,
b = (chV +L − chV
−
L ) =
1
φ(q)
∑
j∈Z
(−1)jqj
2
,
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where φ(q) =
∏
n≥1(1−q
n). Note that for c ∈ C2\{0}, we have ch(M(c)
+) = ch(M(c))/2,
and ch(M(0)+) = b24 + ch(M(0))/2.
By Theorem 2.2, we obtain the following corollary.
Corollary 3.1. Let C be an extremal Type II code of length 24 over Z2k. Then we have
ch(V ♮) = q(J(q)− 744) =
1
2
sweC(a0, a1, . . . , ak) +
1
2
b24
+ 211q3/2
( φ(q)24
φ(q1/2)24
−
φ(q2)24φ(q1/2)24
φ(q)48
)
.
Remark 3.2. It is easy to see that sweC(a0, a1, . . . , ak) = ΘΛ(q)/(φ(q))
24, where ΘΛ(q)
is the theta function associated with Λ. Since b = φ(q)/φ(q2), we obtain
ch(V ♮) =
1
2
(ΘΛ(q)
φ(q)24
+
φ(q)24
φ(q2)24
)
+ 211q3/2
( φ(q)24
φ(q1/2)24
−
φ(q2)24φ(q1/2)24
φ(q)48
)
.
This equation is given in Remark 10.5.8 of [FLM].
3.2 Automorphisms of the moonshine module
Let Γ be the set of inequivalent irreducible V +L -modules. If k is odd then we define the
map µk : Γ→ C
× setting by
µk(W ) =


1 if W ∈ {V ±L , Vjα/k+L | 1 ≤ j ≤ (k − 1)/2},
−1 if W ∈ {V ±α/2+L, V(2j−1)α/2k+L | 1 ≤ j ≤ (k − 1)/2},
i if W ∈ {V T0,±L },
−i if W ∈ {V T1,±L },
and if k is even then we defined the map µk : Γ→ C
× setting by
µk(W ) =
{
1 if W ∈ {V ±L , V
±
α/2+L, Vjα/2k+L | 1 ≤ j ≤ (k − 1)},
−1 if W ∈ {V T0,±L , V
T1,±
L }.
The fusion algebra of V +L is the vector space U = ⊕W∈ΓCW equipped products ×
given by fusion rules, where we regard W as a formal element. The definition of fusion
rules is given in [DL]. An automorphism of the fusion algebra U is a linear automorphism
g such that g(A×B) = g(A)× g(B) for A,B ∈ U . By the fusion rules of V +L determined
in [Ab], we have the following proposition (cf. [Ma]).
Proposition 3.3. The linear map of the fusion algebra of V +L , W 7→ µk(W )W , is an
automorphism of the fusion algebra of V +L .
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Suppose we are given a decomposition
V ♮ =
⊕
Wi∈Γ
mW1,...,W24W1 ⊗ · · · ⊗W24
as a (V +L )
⊗24-module, where mW1,...,W24 is the multiplicity. For each i ∈ {1, . . . , 24}, we
define a linear automorphism σi of V
♮ by
σi(x) = µk(Wi)x
for x ∈
⊗24
j=1Wj . By Proposition 3.3, we have the following proposition (cf. [Mi]).
Proposition 3.4. σi is a VOA automorphism of V
♮.
Proof. By the definition of µk, σi fixes any element of (V
+
L )
⊗24. In particular, σi fixes
the Virasoro element and the vacuum vector. Note that the fusion rules of tensor products
of modules are the tensor products of the fusion rules of those modules.
Let Γ24 = {⊗
24
i=1Wi | Wi ∈ Γ}. Let µk,i: Γ24 → C
× be a map such that µk,i(W ) =
µk(Wi) for W = ⊗Wj ∈ Γ24. Let W
1, W 2 be elements of Γ24. By the definition of fusion
rules, we have Y (v, z)w ∈ (W 1 ×W 2)[z, z−1] for v ∈ W 1, w ∈ W 2, where Y (·, z) is the
vertex operator of V ♮ and × is fusion rules for V +L . Therefore we have Y (σi(v), z)σi(w) =
µk,i(W
1)µk,i(W
2)Y (v, z)w = µk,i(W
1 ×W 2)Y (v, z)w = σi(Y (v, z)w).
By Theorem 2.2, we have the following proposition.
Proposition 3.5. Suppose k is odd. In decompositions of V ♮ given by Theorem 2.2, σi
is a 4A element of the Monster. In fact, σi ∈ 2
1+24
+ ⊂ 2
1+24
+ .Conway1 ⊂ Monster , where
21+24+ .Conway1 is a non-split extension of Conway1 (largest simple Conway group) by the
extra-special group 21+24+ .
Proof. By Theorem 2.2 and Proposition 3.3, σ2i acts by 1 on V
+
Λ and acts by −1 on
V T,+Λ . By [FLM], the centralizer of σ
2
i in the Monster simple group is 2
1+24
+ .Conway1 .
Since σi commutes with σ
2
i , we have σi ∈ 2
1+24
+ .Conway1 . Since σi preserves the space
Ceβ for any β ∈ Λˆ, we have σi ∈ 2
1+24
+ . It is well known that there are the four types of
Monster elements 1A, 2A, 2B and 4A contained in 21+24+ . Since σi is an order 4 element,
σi is a 4A element of the Monster.
Remark 3.6. Suppose k is even. In decompositions of V ♮ given by Theorem 2.2, σi is a
2B element of the Monster. More precisely, σi acts by 1 on VΛ and acts by −1 on V
T
Λ ,
namely, σi = z given in (10.4.48) of [FLM].
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3.3 McKay-Thompson series for 4A elements of the Monster
In this section, we assume that k is odd. Then we give the McKay-Thompson series for
4A elements σi given in Section 3.2. The expressions of it are different from [CN], and we
obtain formulas of modular functions.
We recall the McKay-Thompson series. Let g be an element of the Monster simple
group and let V ♮ =
∑∞
n=0 V
♮
n be the moonshine module. Then the McKay-Thompson
series for g is given by Tg(q) = q
−1(
∑∞
n=0(Tr g|V ♮n)q
n), where Tr g|V ♮n is the trace of the
action of g on Vn.
Let τi :Z
24
2k → Z2 be the composite map of the projection map Z
24
2k → Z2k with respect
to i-th elements and the canonical map Z2k → Z2. Note that for c ∈ C, the automorphism
σi acts by the multiplication (−1)
τi(c) on M(c).
Lemma 3.7. Let σi be the automorphism of V
♮ given in Section 3.2. In the decomposition
given in Theorem 2.1, we have
(1)
∞∑
n=0
(Tr σi|(V +Λ )n
)qn =
1
2
∑
c∈C
(−1)τi(c)ch(M(c)) + b24,
where b is given in Section 3.1.
(2)
∞∑
n=0
(Tr σi|(V T,+Λ )n
)qn = 0.
Proof. By direct calculation, we have (i). Since C2 contains the all 1 element, the
numbers of elements of C2 whose i-th coordinate is 0, and whose i-th coordinate is 1 are
equal. By the definitions of V TiL , we have ch(V
T0,±
L ) = ch(V
T1,±
L ) respectively. Therefore
we have (ii).
Corollary 3.8. Let C be an extremal Type II code over Z2k. The McKay-Thompson
series for the 4A element σi is given by
T4A(q) = q
−1{
1
2
∑
c∈C
(−1)τi(c)ch(M(c)) + b24}.
Remark 3.9. In [Bo2, CN], all the McKay-Thompson series are computed. So we have
the following formulas of modular functions.
η(q2)48
η(q)24η(q4)24
− 24 = q−1
1
2
∑
c∈C
(−1)τi(c)ch(M(c)) +
η(q)24
η(q2)24
,
where the Dedekind η-function η(q) = q
1
24
∏
n≥1(1− q
n).
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